A preferential arrangement of a set X n = {1, 2, . . . , n} is an ordered partition of the set X n induced with a linear order. Separation of blocks of a preferential arrangement with bars result in the notation of barred preferential arrangements. Roger Nelsen and Harvey Schmidt proposed the family of generating functions P k (m) = e km 2−e m ; which for k = 0 and for k = 2 they have shown that the generating functions are exponential generating functions for the number of preferential arrangements of a set X n and the number of chains in the power set of X n respectively. In this study we propose combinatorial structures whose integer sequences are generated by members of the family for all values of k in Z + . To do this we use a notion of restricted barred preferential arrangements. We then propose a more general family of generating functions P r j (m) = e rm (2−e m ) j for r, j ∈ Z + . We derive some new identities on restricted barred preferential arrangements and give their combinatorial proofs.
Abstract
A preferential arrangement of a set X n = {1, 2, . . . , n} is an ordered partition of the set X n induced with a linear order. Separation of blocks of a preferential arrangement with bars result in the notation of barred preferential arrangements. Roger Nelsen and Harvey Schmidt proposed the family of generating functions P k (m) = e km 2−e m ; which for k = 0 and for k = 2 they have shown that the generating functions are exponential generating functions for the number of preferential arrangements of a set X n and the number of chains in the power set of X n respectively. In this study we propose combinatorial structures whose integer sequences are generated by members of the family for all values of k in Z + . To do this we use a notion of restricted barred preferential arrangements. We then propose a more general family of generating functions P r j (m) = e rm (2−e m ) j for r, j ∈ Z + . We derive some new identities on restricted barred preferential arrangements and give their combinatorial proofs.
We also propose conjectures on number of restricted barred preferential arrangements.
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introduction
The integer sequence 1,1,3,13,75,541,... that arise for the number of preferential arrangements of X n can be tracked back to [1] a year 1859
paper by Arthur Cayley; in connection with analytical forms called trees. The word preferential arrangements is due to Gross in [4] . The integer sequence is A000670 in Sloane [8] . Since Cayley's paper much work has been done: The sequence has been given various interpretations and has been connected to a number of well known combinatorial sequences (for instance in [2] , [3] , [5] , [6] ). Examples of preferential arrangements of X 3 = {1, 2, 3} are: In [7] Nelsen and Schmidt have proposed the family of generating functions P k (m) = e km 2−e m ; which for k = 0 and for k = 2 they have shown that the generating functions are exponential generating functions for the number of preferential arrangements on X n and the number of chains in the power set of X n respectively. They then asked "could there be other combinatorial structures associated with either the set X n or the power set of X n whose integer sequences are generated by members of the family for other values of k ?" Murali has shown that for four values of k (i.e. k = 0, 1, 2, 3) the members of the family are generating functions for the number of restricted preferential fuzzy subsets of a set X n [3] . The main aim of this study is to propose combinatorial structures whose integer sequences are generated by the members of the family for all values of k in Z + .
From now on for a fixed k ∈ Z + we will refer to the generating function
2−e m of Nelsen and Schmidt, as the Nelsen-Schmidt generating function.
Preliminaries
Separating blocks of a preferential arrangement with a number of bars results in a barred preferential arrangement [6] . Examples of barred preferential arrangements of the set X 3 having one bar and two bars are:
In a) the three elements of X 3 are all forming separate blocks. There is a single bar separating the first and the second block. In b) the set X 3 is preferentially arranged into two blocks. One block is the element 3 and the other block is formed by the elements 1 and 2. The two bars are in-between the two blocks. With reference to bars the barred preferential arrangement in a) has two sections one to the left of the bar (the block 2) and another section to the right of the bar (the two blocks). We name them section zero and section one respectively. The barred preferential arrangement in b) has three sections. One section to the left of the first bar. A section in-between the two bars and another section to the right of the second bar. We name them section zero, section one and section two respectively. In general k bars separate a preferential arrangement into k + 1 sections (possibly with empty sections) [6] .
Note. The elements within each section of a preferential arrangement are preferentially arranged among themselves.
We denote the set of all barred preferential arrangements of the set Theorem 2.
[6] for n, k ≥ 0 we have;
Restricted barred preferential arrangements
Whether we view barred preferential arrangements as a result of first placing bars and then distributing elements on each section or first preferentially arranging elements into blocks and then introduce bars in-between the blocks of the preferential arrangements; the resulting number of barred preferential arrangements is the same. Here we choose the former.
In finding the total number of barred preferential arrangements of X n having k bars we generalise equation 24 of [5] from one bar to k bars using the same kind of argument as in [5] ; we argue as follows: We first place the k bars. There are k + 1 sections before, in-between and after the k bars. In a distribution of the n elements of X n , say there are w i elements on the i th section. There are n! ways of permuting the n elements among the k + 1 sections. There are w i ! ways of permuting elements of section i among themselves. There are J (1)
Where the summation is taken on all solutions of the equation What definition 2 means is that; when elements of a restricted section are preferentially arranged; they can have a maximum of one block. So for w j elements on a restricted section; there is 1 way of preferentially arranging the elements among themselves i.e. into one block.
In constructing a barred preferential arrangement of X n having k bars by first placing bars and then distributing elements on sections; we require that one fixed section to be a free section and all the other k sections to be restricted sections. The chosen fixed section can be any of the sections but must be fixed. In getting the number of barred preferential arrangements with the restriction we argue as follows: Lets say there are w i elements on section i. We assume the free section is the j th section (from left to right). There are n! ways of permuting the n elements of X n among the k + 1 sections. There are w i ! ways of permuting elements of section i among themselves. There are J 0 w j ways of preferentially arranging elements of the chosen free section among themselves. There is one way of preferentially arranging elements of each of the k restricted sections. Hence the total number of these restricted barred preferential arrangements (denoted by p k n ) is given by;
Where the summation is taken on all solutions of the equation
In the product of the k + 1 terms in the bracket in (2); all the entries are ones except the j th entry which is J 0 w j . This is due to the fact that the j th section is the chosen free section. The other k sections are all restricted sections.
We denote the set of these restricted barred preferential arrangements
n is the set of all barred preferential arrangements of X n having k bars without any restrictions considered in section 3 above.
We now seek the exponential generating function for the numbers p k n in (2) . In finding the generating function of the numbers we define a convolution of exponential generating functions: Given generating
xn s m ns ns! their convolution is;
Where the summation is taken on all solutions of the equation n 1 + · · · + n s = n in non-negative integers. By (3) the generating function of the sequence p k n in (2) is;
We observe that each term in the product in (4) is a generating function. Where k of them are e m and one of them is (4) is;
The term Taking the product and summing over s we obtain the result of the theorem.
Lemma 1. for k, n ≥ 1 we have
We recall p k n is the number of restricted barred preferential arrangements of an n element set having k bars in-which k fixed sections are restricted sections and one fixed section is a free section. Where the set of these barred preferential arrangements is denoted by G Combining the two cases we obtain the result of the lemma.
Lemma 2. for n, k ≥ 1 we have
Lemma 2 can be proved in a similar way to lemma 1. We will generalise lemma 2 in 2 • as theorem 7 give a proof of the theorem.
Conjecture. for k, s, n ≥ 0 we have
For the case k = 0 the identity in the conjecture is equation 21 of [5] . In constructing a barred preferential arrangement of X n having k bars by first placing bars and then distributing elements on sections; from the k + 1 sections we require that j fixed sections to be free sections and remaining r = k + 1 − j sections to be restricted sections. We denote the number of these restricted barred preferential arrangements by p r j (n) and the set of these restricted barred preferential arrangements by G r j (n); so |G r j (n)| = p r j (n). In a similar way to the way we obtained the number p k n in (2); the number p r j (n) of these restricted barred preferential arrangements is;
Where on the product of k + 1 terms in (6); r terms are (1)'s for the r restricted sections and j = k + 1 − r terms are the J 0 w i ′ s for the free sections.
In a similar way to the way the generating function for the numbers p k n is obtained in (5); the generating function (denoted by P r j (m)) for the numbers p r j (n) is;
We observe that Nelsen-Schmidt generating function is a special case of the generating function P r j (m) when j = 1.
We generalise lemma 1 of 1 • above to the following theorem.
Theorem 6. for r, j, n ≥ 1 we have
We recall p r j (n) is the number of restricted barred preferential arrangements of an n element set having r + j − 1 bars in-which r fixed sections are restricted sections and j fixed sections are free sections.
Where the set of these barred preferential arrangements is denoted by G r j (n). In proving the theorem we base our argument on a fixed free section on all barred preferential arrangements in G Combining the two cases we obtain the result of the lemma.
We generalise lemma 2 of 1
• to the following theorem.
Theorem 7. for n, r, j ≥ 1 we have
The number p r j (n) is the number of barred preferential arrangements of an n-element set having r + j − 1 bars in-which r sections are restricted sections and j sections are free sections. Where the set of these barred preferential arrangements is denoted by G r j (n). The proof of this theorem is similar to that of theorem 6 above. We base our argument on a fixed restricted section. We say the chosen restricted section is the first section of each element of G r j (n) (the chosen restricted section could have been any of the r restricted sections as long it would be fixed). All barred preferential arrangements of the set G r j (n) have the property that the chosen restricted section is either empty or has a certain number of elements. We partition the set G r j (n) into two disjoint subsets w 1 and w 2 . Where the sets contain those elements of G r j (n) in-which the chosen restricted section is empty and those in-which the restricted section has a number of elements respectively. In obtaining the cardinality of the set w 1 we argue as follows: On those elements of G r j (n) in which the chosen restricted section is empty; that means the n elements are distributed among the other r + j − 1 sections of-which r − 1 of the sections are restricted sections and j of the sections are free sections. Hence the cardinality of w 1 is p
In finding the number of elements of the set w 2 we argue as follows;
The maximum number of elements which are not in the chosen section in this case is n − 1 and the minimum number is 0. Lets say there are s elements which are not in the restricted section. There are Which is equation 14 of [7] , proposed by Nelsen and Schmidt.
Conjecture. for n, r ≥ 0 we have; The identity in the conjecture when r = 0 appears in [4] as equation 9. For r = 2 the identity in the conjecture occurs in [9] as an identity for the number of preferential fuzzy subsets of a set X n ; it occurs as equation 3.4 in [9] .
Future work
MacMahon in [10] has shown a way on how the generating function P k (m) = 1 2−e m can be interpreted in a graph theoretic context using the idea of yokes and chains. What could be done is to take up the argument to the general generating function P k (m) = e km 2−e m of Nelsen and Schmidt. We suspect when you glue k of these yoke-chain graphs the generating function for the number of yoke-chains is related to the Nelsen-Schmidt generating function P k (m) = e km 2−e m .
